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Using the linear local induction approximation, we investigated the self-induced motion of a
vortex line that corresponds to the motion of a particle in quantum mechanics. Concerning Kelvin
waves, the effective Schro¨dinger equation, physical quantities operators, and the corresponding path-
integral formula are obtained. The vortex line-particle mapping may help in understanding particle
motion in quantum mechanics.
1. INTRODUCTION
One hundred and fifty years ago, Lord Kelvin stud-
ied the properties of vortex lines, consisting of fluid
rotating around a centerline. He predicted that the
vortex line could carry linear waves (Kelvin waves)[1],
which were confirmed by experiment in 4He superfluid[2]
50 years ago. In subsequent years, single vortex lines
have attracted much attention by researchers. In 1967,
Batchelor[3] presented a formulation of a non-local
three-dimensional Biot–Sarvart equation to approximate
the local expression of motion, which became known
as the local induction approximation (LIA). In 1972,
Hasimoto[4] developed a transformation that mapped the
LIA equation onto the nonlinear Schro¨dinger equation
(NLS), and identified the soliton-wave solutions along
the vortex line. From experiments in 1998, Donnelly and
Barenghi[5] reported on the properties of vortex lines in
4He superfluid at low temperatures. Recently, quantum
turbulence based on LIA and NLS has attracted consider-
able attention among researchers. The energy transferred
between Kelvin waves of different wave-numbers through
nonlinear coupling is believed to be the mechanism un-
derlying superfluid turbulence[6]. The relevant work on
vortex line motion is more concentrated on soliton solu-
tions of NLS[7][8] and quantum turbulence[9][10].
From another perspective, quantum mechanics (QM)
is a fundamental theory of modern physics that has suc-
cessfully explained most experimental results and has
broad application. The Schro¨dinger equation is funda-
mental in QM[11]. During the last 100 years, scien-
tists have discovered several models of motion (approxi-
mately) described by the Schro¨dinger equation, such as
the propagation of acoustic waves in plasma[12], the mo-
tion of light pulses in nonlinear optical fibers[12], and
the recently discovered evolution of self-gravitational-
induced waves in disks surrounding a massive body[13].
Here, we point out that under the linear LIA (LLIA), the
self-induced motion of a vortex line is characterized by
an effective Schro¨dinger equation that makes it possible
to visualize the QM wave function intuitively.
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In this paper, we investigate from theory the corre-
spondence between the self-induced motion of the vortex
line and the particle motion in QM under this LLIA. In
Sec. 2, we present a brief derivation of the Schro¨dinger-
like equation from the Biot–Savart equation applying the
LLIA, the redefined vortex line wave function being dif-
ferent from that of Hasimoto’s[4], and, defining a char-
acteristic evolution time, the condition under which lin-
earity is valid. In Sec. 3, the momentum operator is nat-
urally deduced from the original definition in the fluid.
After considering the angular momentum operator and
Hamiltonian, the effective Schro¨dinger equation and the
corresponding path-integral formula based on LLIA are
subsequently obtained in Sec. 4.
2. SELF-INDUCED MOTION OF VORTEXLINE
UNDER LLIA
From the original Biot–Savart equation, we derive
briefly the expression of the self-induced motion of a vor-
tex line that satisfies a Schro¨dinger-like equation under
the LLIA.
The velocity ~v associated with a vortex line is described
by the Biot-Savart equation
~v =
Γ
4pi
∫
L′
d~l′ × ~R
|~R|3 , (1)
where Γ denotes the vorticity of vortex line, L′ the path
of integration, d~l′ the element of integration, and ~R the
position vector from the source point to the field point.
The Helmholtz vorticity theorem states that Γ remains
the same value along the vortex line.
Assuming that the vortex line is a single-valued func-
tion of z′ in the coordinate system x′y′z′, the self-induced
motion indicates that apart from the point itself, each
element on the vortex line has an inductive effect on a
certain point (x0, y0, z0). After setting ~R = (x0, y0, z0)−
(x′, y′, z′) = (x, y, z), the velocity becomes
~v =
Γ
4pi
∫
L 6=z0
d~l′ × ~R
|~R|3 =
Γ
4pi
∫
z 6=0
~f(z)dz, (2)
ar
X
iv
:1
81
0.
01
35
8v
1 
 [q
ua
nt-
ph
]  
29
 Se
p 2
01
8
2where ~f(z) is equal to
(yz − ∂y∂z )~i+ (∂x∂z − xz )~j + (xz ∂y∂z − yz ∂x∂z )~k
z|z|(1 + x2+y2z2 )
3
2
. (3)
Details of the calculations are given in Appendix A. Af-
ter expanding ~f(z) in a Taylor series to second order at
z = 0, we obtain the polarity of the integral in the finite
interval [−l, 0−) ∪ (0+, l]. Here we take as an example
the ~i component,
∫ l
−l 6=0
fidz = lim
σ→0+
ln (
l
σ
)
∂2y
∂z2
|z=0[1 + (∂y
∂z
|z=0)2 + (∂x
∂z
|z=0)2]− 32 , (4)
where l is any positive finite number. To make the inte-
gral finite, we need the following condition,
∂2y
∂z2
|z=0 = 0, (5)
and the value of the integral value in Eq. (4) vanishes.
The same result holds for fj . Because z0 is chosen arbi-
trarily, the conclusion of Eq. (5) is universal, which means
if the integral is finite, the second-order derivative of the
vortex line must be zero. If the non-zero higher-order
terms are considered, it would inevitably lead to a finite
second-order derivative at a certain point and a divergent
integral. Therefore, we need to consider the radius of the
vortex line core, which in practice exists and alters the
interval of integration. Following Batchelor in regard to
the application of the LIA[3], the polar integration can
be dealt with by considering the effect of the radius on
the denominator of Eq. (3). The expression for velocity
eventually reduces to
~v =
Γ ln ε
4pi
[−~i∂
2y
∂z2
+~j
∂2x
∂z2
+ ~k(
∂2y
∂z2
∂x
∂z
− ∂
2x
∂z2
∂y
∂z
)][1 + (
∂x
∂z
)2 + (
∂y
∂z
)2]−
3
2 , (6)
where ln ε is a parameter. Donnelly’s experimental re-
sults yielded a value for ln ε in 4He superfluid [5][14].
Eq. (6) shows that the self-induced velocity is only re-
lated to the first and second-order derivatives of the vor-
tex line, which is consistent with the conclusion that the
velocity is only related to the curvature of the vortex line.
Note that we do not need to pay attention to the specific
meaning of x, y here because
d2x0
dz20
=
d2x
dz2
,
d2y0
dz20
=
d2y
dz2
(7)
and the first-order derivative only involves the square
term here. Therefore, in the following derivation, we do
not distinguish between the position of the field point
(x0, y0, z0) and the position vector (x, y, z). After reset-
ting the position of the field point to (x, y, z), the velocity
can be expressed as
~v =
d
dt
(x, y, z). (8)
Then, by introducing a complex number,
ψ = x+ iy, (9)
the equations of motion are expressed as

dψ
dt
= i
Γ ln ε
4pi
∂2ψ
∂z2
/
√
1 +
∂ψ
∂z
∂ψ∗
∂z
3
,
dz
dt
= −iΓ ln ε
8pi
(
∂2ψ
∂z2
∂ψ∗
∂z
− ∂
2ψ∗
∂z2
∂ψ
∂z
)/
√
1 +
∂ψ
∂z
∂ψ∗
∂z
3
.
(10)
Given the relations for the derivatives, a functional ex- pression is finally derived,
i
∂ψ
∂t
= −Γ ln ε
4pi
(
ψ′√
1 + ψ∗′ψ′
)′. (11)
3If we introduce the linear approximation, we derive a
Schro¨dinger-like equation for the vortex line,
i
∂ψ
∂t
= −Γ ln ε
4pi
∂2ψ
∂z2
. (12)
Next, we determine a sufficient condition for the valid-
ity of the LLIA. Consider the Kelvin wave
ψ = aei(kz−ωt), (13)
where a denotes the radius (amplitude), k the wave num-
ber, and ω the angular frequency of the Kelvin wave. As
the Kelvin wave is the eigen-solution of Eqs. (11) and
(12), the dispersion relations are
ωn =
Γ ln ε
4pi
k2√
1 + a2k2
, (14)
ωl =
Γ ln ε
4pi
k2. (15)
where ωn(k) establishes the dispersion relation of the
non-linear equation Eq. (11) and ωl(k) that for the lin-
ear equation Eq. (12). Clearly, if a2k2  1, the LLIA
is valid. To make this condition more explicit, we intro-
duce a characteristic evolution time T0; at the beginning
of the revolution process (t = 0), the phases of the two
Kelvin waves are ϕn = 0 are ϕl = 0; after time T0, the
phase difference is pi/2, that is
ϕl − ϕn = (ωl − ωn)T0 ∼ pi
2
. (16)
We then find the LLIA condition to be
a <
2pi
√
k2T0Γ ln ε− pi2
k(k2T0Γ ln ε− 2pi2) . (17)
The physical meaning of this condition is that the effect
of non-linearity may be ignored if the radius of the Kelvin
wave does not go beyond the constant value determined
from the algebraic expression on the right-hand side of
Eq. (17) during the revolution time of T0.
Indeed, in the 4He superfluid experiment, the radius
of the Kelvin wave is about 10−2 to 10−4cm [15], the
vorticity is Γ ≈ 9.97 × 10−8m2/s [16], the wave-number
is about 5000m−1 [16], and ln ε ≈ 0.8 [5][14]. Hence, the
characteristic evolution time is about
T0 =
2pi2
k2Γ ln ε(1− 1√
1+a2k2
)
≈ 10 ∼ 100s.
This implies that the evolution time may last at least
for 10 seconds without breaking the LLIA in the 4He
superfluid experiment. Moreover, in the limit a→ 0, the
LLIA is well defined.
3. PHYSICAL QUANTITIES OF VORTEXLINES
We have obtained the Schro¨dinger equation based on
the Biot–Savart equation under the LLIA. Next, we
derive expressions for the operators representing linear
momentum, angular momentum, and energy (i.e., the
Hamiltonian) from their original definitions in a fluid. It
is clearly shown that the operators are similar to those
in QM.
Momentum Operator
We change the coordinate system so that the central
axis of the vortex line lies along the z-axis, and consider
instances for which ψ is relatively small,∫
L
xdz = 0∫
L
ydz = 0
→
∫
L
ψdz = 0.
The definition of the momentum of the vortex is[17]
~p =
1
2
∫
V
ρ~r × ~ωdV, (18)
where ρ is the density of the fluid. The origin o = (0, 0, 0)
is the reference point for ~r. For the vortex line, the pro-
jection of the momentum along the z-axis is
pz =
Γρ
2
∫
L
(xdy − ydx), (19)
the details of which are given in Appendix B. Using the
definition of ψ, we get
pz = −iΓρ
2
∫
L
ψ∗
∂ψ
∂z
dz.
We introduce a ‘normalized’ wave function ψn,
ψn =
√
pi
V
ψ (20)
where V =
∫
L
piψ∗ψdz. Then, pz is written in the form
pz =
∫
L
ψ∗n(−i
ΓρV
2pi
∂
∂z
)ψndz. (21)
Finally, the operator representing momentum is obtained
pˆ = −iΓρV
2pi
∂
∂z
. (22)
The momentum of the Kelvin wave is then
p =
Γρ
2
a2Lk,
where L is the length of the interval of integration along
z. We find the effective ”de Broglie relation” to be
p =
ΓρV
2pi
k, (23)
where V = pia2L corresponds to our definition. In addi-
tion, the commutation relation is obtained from Eq. (22),
[zˆ, pˆ] = i
ΓρV
2pi
. (24)
4Angular Momentum
The definition for the angular momentum of a vortex
is[17]
~M = −1
2
∫
V
ρr2~ωdV. (25)
By setting (0, 0, 0) as the reference point, the projected
angular momentum along the z-axis of the vortex line is
Mz = −Γρ
2
∫
L
(x2 + y2 + z2)dz.
For the length of the vortex line, the integral is infinite.
Hence we must subtract the trivial straight-vortex line
to extract the additional (effective) angular momentum
of the curved vortex line
Lz = Mz −M0z.
Finally, we obtain
Lz = −Γρ
2
∫
L
ψ∗ψdz = −ΓρV
2pi
, (26)
for which the effective angular momentum of vortex line
is proportional to V , the ‘volume’ of the vortex line. As
indicated in Fig. 1, when rotating the vortex line (red
line) around the z-axis, the Kelvin wave forms a tube
(blue lines), and the definition of V is just the volume
inside the tube. As Γ and ρ are considered as constants
and V can be proved to be constant because of the conser-
vation of angular momentum, we define a new parameter
~eff =
ΓρV
2pi
. (27)
Given expressions Eqs. (22)–(24),(26), we refer to this
parameter as the effective Planck constant.
FIG. 1: The illustration of Kelvin wave of vortexline: the
red line denotes the vortexline, and the blue one is the tube
generated by vortexline rotating around z-axis.
In the field of superfluids, according to the quanti-
zation condition for a quantized vortex line (QV), we
have[18]
Γ =
h
m
, (28)
where h is Planck’s constant and m the mass of one atom,
which is the fundamental unit of the fluid. The total mass
inside the vortex line volume is
M = ρV = nm, (29)
where n is the number of atoms. Hence, the effective
Planck constant is
~eff = n~. (30)
These results are consistent with those in Ref. [19].
Hamiltonian Operator
The definition of the Hamiltonian (kinetic energy ac-
tually) of the vortex line is[17]
H =
1
8pi
∫∫
ρ
~ω · ~ω′
R
dV dV ′. (31)
For a vortex line under LIA, the energy is obtained as
H
LIA≈ ρΓ
2
8pi
∫
L
2 ln ε
√
(
∂x
∂z
)2 + (
∂y
∂z
)2 + 1dz, (32)
which is consistent with the results of Ref. [6]. The cal-
culation is detailed in Appendix B.3.
To simplify the expression, we set the energy of the
trivial solution of a straight vortex line to be zero and
focus on the change in energy,
H =
ρΓ2 ln ε
8pi
∫
∂ψ∗
∂z
∂ψ
∂z
dz, (33)
where we consider the condition for LLIA. Using the def-
inition of ψ and performing an integration by parts, we
obtain
H = −
∫
ψ∗n
ρV Γ2 ln ε
8pi2
∂2
∂z2
ψndz,
where ψn has been defined as the ‘normalized’ wave func-
tion as in Eq. (20). Hence, we arrive with the Hamilto-
nian operator
Hˆ = −ρV Γ
2 ln ε
8pi2
∂2
∂z2
. (34)
4. EFFECTIVE SCHRO¨DINGER EQUATION
AND PATH INTEGRAL
We next derive the effective Schro¨dinger equation from
the expression for the Hamiltonian and subsequently
obtain the corresponding path-integral formula under
LLIA.
If we multiply both sides of Eq. (12) by the coefficient
ΓρV
2pi , then
i
ΓρV
2pi
∂ψ
∂t
= −Γ
2ρV ln ε
8pi2
∂2ψ
∂z2
, (35)
5which takes the form
i~eff
∂ψ
∂t
= Hˆψ. (36)
There are obvious similarities between the Biot–Savart
equation for vortex lines under the LLIA and the
Schro¨dinger equation in QM describing a free particle.
The shape of a vortex line curve is called a state, which
can be expressed as a linear superposition of different
Kelvin waves. As discussed at the end of Sec. 2, if the
radius of the Kelvin wave vanishes in the mathematical
limit, all the Kelvin waves satisfy the linear Schro¨dinger
equation. This is the completeness relation of Hilbert
space. We borrow the Dirac symbol to express the states
as
ψ → |ψ〉, (37)
ψ(z) = 〈z|ψ〉, (38)
and the completeness relation is denoted by∫
|z〉〈z|dz = 1, (39)∫
|p〉〈p|dp = 1. (40)
Using de Broglie relation, Eq. (23), we have
〈z|p〉 = 1√
2pi~eff
eipz/~eff , (41)
〈p|z〉 = 1√
2pi~eff
e−ipz/~eff , (42)
which is to be used later.
To avoid a confusion between the Hamiltonian of a
vortex line and that of a particle, we begin with Eq. (12)
rather than Eq. (36). From the form of the momentum
operator, Eq. (22), the Schro¨dinger equation is express-
ible as
i
∂
∂t
|ψ〉 = pi ln ε
Γρ2V 2
pˆ2|ψ〉. (43)
Defining the operator Qˆ and propagator U(t′, t) from
time t to t′ as
Qˆ =
pi ln ε
Γρ2V 2
pˆ2, (44)
|ψ(t′)〉 = U(t′, t)|ψ(t)〉, (45)
respectively, and considering Qˆ is time-independent, the
propagator is written
U(t′, t) = e−iQˆ(t
′−t). (46)
In the coordinate representation, we make use of
Eqs. (38) and (39) to obtain
ψ(z′, t′) =
∫
dzU(z′, t′; z, t)ψ(z, t), (47)
where U(z′, t′; z, t) = 〈z′|U(t′, t)|z〉 is a ‘matrix element’
of the propagator, which we abbreviate to Uz.
We then divide t′− t into N equal parts, t′− t = N∆t,
and write tk = t + k∆t, k = 0, 1, 2, · · · . Uz may be
expressed as a multiplication of propagators from time
tk to tk+1. The k-th matrix element is
Uzk = 〈zk+1|e−iQˆ∆t|zk〉.
Applying a Fourier transformation, we obtain in the limit
N → ∞ and ∆t → 0 an expression for the matrix ele-
ment,
Uzk =
∫
dpk
1
2pi~eff
e
i ∆t~eff
(pk z˙k− ln ε2ρV p2k).
We then have
Uz =
∫
DΩ exp[i
∫ t′
t
dt
1
~eff
(pz˙ − ln ε
2ρV
p2)], (48)
where∫
DΩ = lim
N→∞
∫
dpN . . . dp1dzN−1 . . . dz1
(2pi~eff)N
. (49)
If we define H ′ = ln ε2ρV p
2 to be the Hamiltonian of a ‘free
particle’, the system satisfies the Feynman path integral.
The effective mass of a free particle then becomes
meff =
ρV
ln ε
QV
= n
m
ln ε
. (50)
Indeed, the Hamiltonian of the vortex line Eq. (34) itself
simplifies to
Hˆ =
pˆ2
2meff
.
Finally, we describe the movement of the wave by eval-
uating the Feynman path integral of the particle. The
Feynman propagator is expressed as
Uz =
∫
DΩ exp[i
∫ t′
t
dt
L
~eff
] =
∫
DΩe
iS/~eff , (51)
where L is the Lagrangian of the system, and S is the
action.
5. CONCLUSIONS
The motion of a vortex line is mapped onto the move-
ment of a particle in QM under the LLIA. On the basis
of the conservation of the vortex-line volume, we define
an effective Planck constant, which bridges classical me-
chanics with QM, including the linear and angular mo-
mentum operators, as well as the Hamiltonian form of
the Schro¨dinger equation.
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Appendices
Appendix A SCHRO¨DINGER EQUATION
The detailed calculations of Eq.(2) is given by
~v =
Γ
4pi
∫
L6=z0
d~l′ × ~R
|~R|3 (52)
=
Γ
4pi
∫
z 6=0
(ydz − zdy)~i+ (zdx− xdz)~j + (xdy − ydx)~k√
x2 + y2 + z2
3 (53)
=
Γ
4pi
∫
z 6=0
(y − z ∂y∂z )~i+ (z ∂x∂z − x)~j + (x∂y∂z − y ∂x∂z )~k√
x2 + y2 + z2
3 dz (54)
=
Γ
4pi
∫
z 6=0
(y − z ∂y∂z )~i+ (z ∂x∂z − x)~j + (x∂y∂z − y ∂x∂z )~k
z2|z| (1 +
x2 + y2
z2
)−
3
2 dz (55)
=
Γ
4pi
∫
z 6=0
(yz − ∂y∂z )~i+ (∂x∂z − xz )~j + (xz ∂y∂z − yz ∂x∂z )~k
z|z| (1 +
x2 + y2
z2
)−
3
2 dz. (56)
From Eq.(3) to Eq.(4): Here we use~i component as an example to demonstrate that the integral polarity is inevitable.
The Taylor expansion of numerator is
x(z) = x(0) +
∂x
∂z
|z=0(z − 0) + 1
2
∂2x
∂z2
|z=0(z − 0)2 + 1
6
∂3x
∂z3
|z=0(z − 0)3 + o(z4),
y(z) = y(0) +
∂y
∂z
|z=0(z − 0) + 1
2
∂2y
∂z2
|z=0(z − 0)2 + 1
6
∂3y
∂z3
|z=0(z − 0)3 + o(z4),
(57)
→

x
z
=
∂x
∂z
|z=0 + 1
2
∂2x
∂z2
|z=0z + 1
6
∂3x
∂z3
|z=0z2 + o(z3),
y
z
=
∂y
∂z
|z=0 + 1
2
∂2y
∂z2
|z=0z + 1
6
∂3y
∂z3
|z=0z2 + o(z3),
(58)
it is necessary to consider the definition of x, y, z, when z → 0, x, y → 0.
The ~i component of ~f(z) can be expressed as
fi(z) = [
1
2
∂2y
∂z2
|z=0z + 1
6
∂3y
∂z3
|z=0z2 + o(z3)] 1
z|z| [1 + (
∂y
∂z
|z=0)2 + (∂x
∂z
|z=0)2 + o(z3)]− 32 (59)
=

[
1
2
∂2y
∂z2
|z=0 1
z
+
1
6
∂3y
∂z3
|z=0][1 + (∂y
∂z
|z=0)2 + (∂x
∂z
|z=0)2]− 32 , z > 0,
− [ 1
2
∂2y
∂z2
|z=0 1
z
+
1
6
∂3y
∂z3
|z=0][1 + (∂y
∂z
|z=0)2 + (∂x
∂z
|z=0)2]− 32 , z < 0.
(60)
So the integral is∫ l
−l 6=0
fidz = lim
σ→0+
∫ −σ
−l
−[ 1
2
∂2y
∂z2
|z=0 1
z
+
1
6
∂3y
∂z3
|z=0][1 + (∂y
∂z
|z=0)2 + (∂x
∂z
|z=0)2]− 32 dz
+
∫ l
σ
[
1
2
∂2y
∂z2
|z=0 1
z
+
1
6
∂3y
∂z3
|z=0][1 + (∂y
∂z
|z=0)2 + (∂x
∂z
|z=0)2]− 32 dz (61)
= lim
σ→0+
[ln (
l
σ
)
∂2y
∂z2
|z=0 + 0][1 + (∂y
∂z
|z=0)2 + (∂x
∂z
|z=0)2]− 32 , (62)
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where l can be any finite number.
We next show how to derive Eq.(10). The equations of motion are
ψ˙ =
dψ
dt
= i
Γ ln ε
4pi
∂2ψ
∂z2
/
√
1 +
∂ψ
∂z
∂ψ∗
∂z
3
,
z˙ =
dz
dt
= −iΓ ln ε
8pi
(
∂2ψ
∂z2
∂ψ∗
∂z
− ∂
2ψ∗
∂z2
∂ψ
∂z
)/
√
1 +
∂ψ
∂z
∂ψ∗
∂z
3
.
Considering the relation of derivative symbols, the equation is
∂ψ
∂t
=
dψ
dt
− dz
dt
∂ψ
∂z
(63)
=
iΓ ln ε
4pi
[
∂2ψ
∂z2
+
1
2
(
∂2ψ
∂z2
∂ψ∗
∂z
− ∂
2ψ∗
∂z2
∂ψ
∂z
)
∂ψ
∂z
]/
√
1 +
∂ψ
∂z
∂ψ∗
∂z
3
(64)
=
iΓ ln ε
4pi
[(
∂2ψ
∂z2
+
∂2ψ
∂z2
∂ψ∗
∂z
∂ψ
∂z
)− 1
2
(
∂2ψ
∂z2
∂ψ∗
∂z
+
∂2ψ∗
∂z2
∂ψ
∂z
)
∂ψ
∂z
]/
√
1 +
∂ψ
∂z
∂ψ∗
∂z
3
(65)
=
iΓ ln ε
4pi
[
∂2ψ
∂z2
(1 +
∂ψ∗
∂z
∂ψ
∂z
)− 1
2
(
∂2ψ
∂z2
∂ψ∗
∂z
+
∂2ψ∗
∂z2
∂ψ
∂z
)
∂ψ
∂z
]/
√
1 +
∂ψ
∂z
∂ψ∗
∂z
3
(66)
=
iΓ ln ε
4pi
[
∂2ψ
∂z2
√
1 +
∂ψ∗
∂z
∂ψ
∂z
−
∂2ψ
∂z2
∂ψ∗
∂z +
∂2ψ∗
∂z2
∂ψ
∂z
2
√
1 + ∂ψ
∗
∂z
∂ψ
∂z
∂ψ
∂z
]/
√
1 +
∂ψ
∂z
∂ψ∗
∂z
2
(67)
=
iΓ ln ε
4pi
[(
∂
∂z
∂ψ
∂z
)
√
1 +
∂ψ∗
∂z
∂ψ
∂z
− ( ∂
∂z
√
1 +
∂ψ∗
∂z
∂ψ
∂z
)
∂ψ
∂z
]/
√
1 +
∂ψ
∂z
∂ψ∗
∂z
2
(68)
=
iΓ ln ε
4pi
∂
∂z
∂ψ
∂z√
1 + ∂ψ
∗
∂z
∂ψ
∂z
. (69)
By rewriting the equation in another form, we derive Eq.(11)
i
∂ψ
∂t
= −Γ ln ε
4pi
(
ψ′√
1 + ψ∗′ψ′
)′. (70)
Appendix B OPERATORS
B.1 Momentum
We show the detailed calculations of momentum operator. The momentum is defined by
~p =
1
2
∫
V
ρ~r × ~ωdV. (71)
For vortexline, we have
~p =
Γρ
2
∫
L
~r × d~l = Γρ
2
∫
L
(ydz − zdy)~i+ (zdx− xdz)~j + (xdy − ydx)~k,
where we’ve already set the reference point of ~r at o = (0, 0, 0). The momentum of z-axis is
pz =
Γρ
2
∫
L
(xdy − ydx) = Γρ
2
∫
L
ψ + ψ∗
2
∂(ψ − ψ∗)
2i∂z
− ψ − ψ
∗
2i
∂(ψ + ψ∗)
2∂z
dz (72)
= −iΓρ
4
(
∫
L
ψ∗
∂ψ
∂z
dz −
∫
L
ψ
∂ψ∗
∂z
dz) (73)
= −iΓρ
4
(
∫
L
ψ∗
∂ψ
∂z
dz − ψψ∗|+∞−∞ +
∫
L
ψ∗
∂ψ
∂z
dz) (74)
= −iΓρ
2
∫
L
ψ∗
∂ψ
∂z
dz + i
Γρ
4
ψψ∗|+∞−∞. (75)
When ψ is a kind of ‘bound state’, there is ψψ∗|+∞−∞ = 0.
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B.2 Angular Momentum
The augular momentum is defined by
~M = −1
2
∫
V
ρr2~ωdV. (76)
As to vortexline, we have
~M = −Γρ
2
∫
L
r2d~l = −Γρ
2
∫
L
(x2 + y2 + z2)(~idx+~jdy + ~kdz),
where (0, 0, 0) is the reference point. And the z-axis component is
Mz = −Γρ
2
∫
L
(x2 + y2 + z2)dz. (77)
The projected angular momentum is given by
Lz = Mz −M0z (78)
= −Γρ
2
∫
L
(x2 + y2 + z2 − z2)dz (79)
= −Γρ
2
∫
L
(x2 + y2)dz (80)
= −Γρ
2
∫
L
ψ∗ψdz = −ΓρV
2pi
, (81)
where we have assumed that Γ is along the positive direction of z-axis.
B.3 Hamiltonian
Finally, we calculate the Hamiltonian,
H =
1
8pi
∫∫
ρ
~ω · ~ω′
R
dV dV ′. (82)
As to vortexline, the expression is
H =
ρΓ2
8pi
∫∫
d~l · d~l′
R
(83)
=
ρΓ2
8pi
∫
L
dz
∫
L′ 6=z
dz′
∂x
∂z
∂x′
∂z +
∂y
∂z
∂y′
∂z + 1√
(x− x′2 + (y − y′2 + (z − z′2 (84)
LIA≈ ρΓ
2
8pi
∫
L
dz
∫ z+l
z−l 6=z0
dz′
∂x
∂z
∂x
∂z +
∂y
∂z
∂y
∂z + 1√
[(∂x∂z )
2 + (∂y∂z )
2 + 1][(z − z′2 + σ2]
. (85)
we utilize a method under LIA for processing velocity integral polarity to derive integral value near z′ → z. The main
contribution of the integral exists near the area of polarity. Besides, we further approximate coordinate differences
to linear items of Taylor Expansion, x−x
′
z−z′ → ∂x∂z , y−y
′
z−z′ → ∂y∂z , and the first order derivatives are equal in the integral
interval (∂x
′
∂z → ∂x∂z , ∂y
′
∂z → ∂y∂z ). So, the expression goes to
H
LIA≈ ρΓ
2
8pi
∫
L
2 ln ε
√
(
∂x
∂z
)2 + (
∂y
∂z
)2 + 1dz (86)
=
ρΓ2 ln ε
4pi
∫
L
√
1 +
∂ψ∗
∂z
∂ψ
∂z
dz (87)
LLIA≈ ρΓ
2 ln ε
4pi
∫
L
(1 +
1
2
∂ψ∗
∂z
∂ψ
∂z
)dz. (88)
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Finally, we have
H =
ρΓ2 ln ε
8pi
∫
∂ψ∗
∂z
∂ψ
∂z
dz (89)
=
ρΓ2 ln ε
8pi
(
∂ψ
∂z
ψ∗|∞−∞ −
∫
ψ∗
∂2ψ
∂z2
dz) (90)
= −
∫
ψ∗
ρΓ2 ln ε
8pi
∂2
∂z2
ψdz (91)
= −
∫
ψ∗n
ρV Γ2 ln ε
8pi2
∂2
∂z2
ψndz (92)
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